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1. Introduction

Since the pioneer works of Dasgupta and Maskin [14] and Reny [34] on the existence of Nash equi-
libria in games with discontinuous payoffs, a number of authors have extended their results in different
directions, see for example, Lebrun [26], Bagh and Jofre [2], Monteiro and Page [29], Bich [4,5], Bich and
Laraki [6], Carbonell-Nicolau [8], Carbonell-Nicolau and McLean [9], Carmona [10-12], Prokopovych [31-33],
de Castro [16], Reny [34,35,37,38], Nessah and Tian [30], Scalzo [39,41], Tian [43], Uyanik [44], and He and
Yannelis [21,23,24]."

In this paper, we provide new equilibrium existence results for discontinuous games which are not covered
by the above literature. To this end, we introduce the notion of “continuous inclusion property”, which allows
us to prove two new fixed point theorems. The correspondences satisfying the continuous inclusion property
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could be neither lower nor upper hemicontinuous, actually they may be discontinuous. The continuous
inclusion property is a very weak condition in the sense that any correspondence, which has either an
open graph, or open lower sections, or the local intersection property® or it is upper hemicontinuous, will
automatically satisfy this property. Our first result is an extension of fixed point theorems of Fan [17] and
Glicksberg [20], which also generalizes the Browder [7] fixed point theorem in locally convex spaces. The
second result generalizes substantially the fixed point theorem of Gale and Mas-Colell [19].

With the help of the above two fixed point theorems, we prove several new results. Firstly, we show
the nonemptiness of demand correspondences for non-ordered and discontinuous preferences. This result
generalizes the theorem of Sonnenschein [42]. Secondly, we prove the existence of Nash equilibrium for
discontinuous games with non-ordered preferences. This extends the results in Reny [34] to non-ordered
preferences. Thirdly, we extend the classical Gale-Debreu—Nikaido lemma (see Debreu [15]) by allowing
for discontinuous demand correspondences. Our extension generalizes the Gale-Debreu-Nikaido lemma to
infinite dimensional spaces, and also extends the results of Aliprantis and Brown [1] and Yannelis [47]. To
show that our generalization is non-vacuous, an example of a Walrasian equilibrium with discontinuous
preferences is provided, which cannot be covered by any existence result in the literature. However, our
version of the Gale-Debreu—Nikaido lemma can be applied to this example.

The rest of the paper is organized as follows. In Section 2, the “continuous inclusion property” is proposed,
and then we prove a fixed-point theorem and a generalization of the fixed-point theorem of Gale and
Mas-Colell [19]. The existence of Nash equilibrium in games with discontinuous preferences is obtained as
a direct corollary. Section 3 collects the generalization of the Gale-Debreu—Nikaido lemma to the setting
with discontinuous preferences in infinite dimensional spaces.

2. Results
2.1. Definitions

Let X and Y be linear topological spaces. Suppose that 1 is a correspondence from X to Y. Then 1) is said
to be upper hemicontinuous if the upper inverse (V) = {x € X: ¢(x) C V} is open in X for every open
subset V of Y, and upper demicontinuous if the upper inverse of every open half space in Y is open in X. The
correspondence 1 is said to be lower hemicontinuous if the lower inverse ¢!(V) = {z € X: ¢(z)NV # 0} is
open in X for every open subset V of Y. In addition, if 1/!(y) = {z € X: y € 1(z)} is open for each y € Y,
then 9 is said to have open lower sections. At some x € X, if there exists an open set O, such that x € O,
and Ny e, ¥ (x’) # (), then we say that ¢ has the local intersection property. Furthermore, 1 is said to have
the local intersection property if this property holds for every x € X.? Given a linear topological space X,
its dual is the space X* of all continuous linear functionals on X.

We now introduce the following “continuous inclusion property”.

Definition 1. A correspondence 3 from X to Y is said to have the continuous inclusion property at z if there
exists an open neighborhood O, of x and a nonempty correspondence Fj: O, — 2¥ such that F,(z) C ¢(z)
for any z € O, and coF,* has a closed graph.’

2 See Wu and Shen [46].

3 A continuous selection exists if a correspondence has open lower sections (see Yannelis and Prabhakar [48]) or the local
intersection property (see Wu and Shen [46]) under certain convexity conditions. Scalzo [40] proposed the “local continuous selection
property”, which is necessary and sufficient for the existence of a continuous selection.

4 For a correspondence F', coF is the convex hull of F.

5 If the sub-correspondence F, has a closed graph and X is finite dimensional, then coF}, still has a closed graph since the convex
hull of a closed set is closed in finite dimensional spaces. However, this may not be true if one works with infinite dimensional
spaces. One can easily see that assuming the sub-correspondence F, is convex valued and has a closed graph would suffice for our
aim.
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Notice that if a correspondence has the continuous inclusion property, then at every point of its domain
the correspondence includes a sub-correspondence such that the convex hull of this sub-correspondence is
locally closed.

Remark 1. It can be easily checked that any nonempty correspondence with open lower sections has the
local intersection property, and any correspondence with the local intersection property has the continuous
inclusion property. Furthermore, any upper hemicontinuous, convex and compact valued correspondence
satisfies the continuous inclusion property.

Below, we provide an example of a correspondence which satisfies the continuous inclusion property, but
does not have open lower sections or the local intersection property.

Example 1. Let

[0, 1], z = 0;

{Isin(3)][cos(3)I}, = € (0,1].

The functions |sin(1)| and | cos(L

the unit interval for infinitely many times as x approaches 0. Notice that F' satisfies the continuous inclusion

)| oscillate in any neighborhood of the origin and will pass every point of

property as it is upper hemicontinuous.

The correspondence F' does not have any continuous selection. Otherwise, suppose that F has a continuous
selection f and f(0) = a € [0,1]. Then for sufficiently small § > 0, we have f(x) € [a — 0.001, a + 0.001] for
z € (0,0). Pick some b € (0,1) and z, such that b,/1— b2 ¢ [a — 0.01,a + 0.01] and sin(zy) = b. Let x3, =
m. Then for sufficiently large k, x € (0,6). However, f(xy) € {|sin($)\7|cos($k)\} = {b,v1 - b2},
which is a contradiction.

It is obvious that F!(y) is not open for any y € [0, 1], and F' does not have the local intersection property.
In particular, for any x € (0,1) and 6 > 0, there exist two distinct points 2’ and z” such that |z — z'| <4,
|x —2"| <4, and F(z') N F(z") = 0.

2.2. Operations on correspondences

In this subsection, we consider the preservation and the failure of the continuous inclusion property under
some usual operations, including union, inclusion, addition and product.

Let X, Y, Z, {X,},es and {Y;},es be linear topological spaces, where J is an index set. Given a family
of correspondences {1;};cs from X to Y, we define the union and intersection of this family pointwise.
That is, Ujes¢; maps « to Ujes9;(x), and Njes¢; maps « to Njecs;(x).

Let ¥; and 5 be two correspondences from X to Y, and a and 8 be two nonzero numbers. The linear
combination ay + B9 of ¥ and 15 is defined as

(a1 + Biba)(x) = {ays + Bya: y1 € Y1(x), Y2 € Pa()}.

The product of a family of correspondences {¢;: X; — 2¥i},c; is the correspondence HjeJ ; from
[[jc; Xj to [[;e, Y5, defined naturally by (I[;c;v;)(x) = [1c; %;(z;) for each x = {x;} ;e .

In the next proposition, we consider the preservation and the failure of the continuous inclusion property
under some regularity conditions.

Please cite this article in press as: W. He, N.C. Yannelis, Equilibria with discontinuous preferences: New fixed point theorems,
J. Math. Anal. Appl. (2017), http://dx.doi.org/10.1016/j.jmaa.2017.01.089




Doctopic: Miscellaneous YJMAA:21115

4 W. He, N.C. Yannelis / J. Math. Anal. Appl. e e e (e e ee) o0 o—0oe

Proposition 1.

1. Leti: X — 2Y be a correspondence having the continuous inclusion property, and {¢;: X — 2v }ies be
a family of arbitrary correspondences. Then their union (Ujes¢;) Ut also has the continuous inclusion
property.

2. Letapy: [0,1] — 2001 and ¢y : [0,1] — 2001 be two correspondences both having the continuous inclusion
property, their intersection may not have the continuous inclusion property.

3. If Y is a compact Hausdorff space, and ¢,¢: X — 2¥ are conver valued correspondences with the
continuous inclusion property, then av + B¢ has the continuous inclusion property for any nonzero a
and 3.

4. Let {¢;: X; — 2Yi}1§i§n be a finite family of correspondences having the continuous inclusion property.
Then their product [[,.,,, i also has the continuous inclusion property.

Proof. (1) Fix € X. Since v has the continuous inclusion property, there exists an open neighborhood
O, of x and a nonempty correspondence Fj,: O, — 2Y such that F,(2') C v (2’) for any 2’ € O, and coF,
has a closed graph. Since 9 is a sub-correspondence of (Ujecs¢;) U1, the rest is clear.

(2) Let ¢y : [0,1] — 2% and 45 : [0,1] — 2[%U be defined as follows:

{z,0}, 0<z<i i
¥ (z) = ? Yo(z) = ?
{z,1}, i<z<1 1.

It is obvious that v, and vy satisfy the continuous inclusion property since both of them have continuous
selections. However, their intersection is

{0}, oO0<z<y;
Y1 Ne(z) = {05}, ==3;
{1}, i<a<l

It is clear that the correspondence 1, Ny does not satisfy the continuous inclusion property at the point %

(3) Fix ¢ € X. Since ¢ and ¢ are convex valued and have the continuous inclusion property at z, there
exist open neighborhoods O} and O2 of z, and nonempty convex valued correspondences F}: O — 2Y and
F2: 02 — 2Y such that F}(2') C ¥(a2') for any 2’ € O} and F2(2') C ¢(z') for any 2’ € O2, and both F}
and F? have closed graphs. Let O, = Ol N 0% and G, = aF} + fF2. Then O, is an open neighborhood
of z, G, is convex valued, and G, (z') C (atp + B¢)(a’) for any =’ € O,. Since Y is a compact Hausdorff
space and F! (resp. F?) has a closed graph, F! (resp. F2) is upper hemicontinuous and compact valued.
As a result, G, is upper hemicontinuous and compact valued, and hence has a closed graph. This proves
our claim.

(4) This property is obvious. O

2.3. A fized-point theorem

Below we prove a fixed-point theorem based on the continuous inclusion property. The Fan—Glicksberg
theorem shows that an upper hemicontinuous, nonempty, convex and compact valued correspondence has
a fixed point under some regularity conditions. Our theorem replaces the upper hemicontinuity condition
on the fixed point theorems of Fan [17] and Glicksberg [20] by the continuous inclusion property. Since an
upper hemicontinuous, convex and compact valued correspondence has the continuous inclusion property,
our fixed point theorem improves the fixed point theorems of Fan [17] and Glicksberg [20].
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Theorem 2. Let X be a nonempty, compact, convex subset of a Hausdorff locally convex linear topological
space Y, and : X — 2% be a correspondence which is nonempty and convex valued, and has the continuous
inclusion property. Then there exists a point x* € X such that x* € (z*).

Proof. Since ¥ has the continuous inclusion property, for each x € X, there exists an open neighborhood
O, and a nonempty correspondence Fj: O, — 2% such that F, (2) C ¢(z) for any z € O, and coF, has a
closed graph.

The collection € = {O,: z € X} is an open cover of X. Since X is compact, there is a finite set
{z1,..., 25} such that X C U1<;<nOy,. Let {Ey, }1<i<n be a closed refinement; that is, E,, C O,,, E,, is
closed and X = Ui<;<nFy, (see Michael [27, Lemma 1]).

For each z € X, let I(z) = {1 <i < n:z € E,,}, and F(z) = co (Uje1(z)coFy, (z)). Then it is obvious
that F' is nonempty and convex valued. Moreover, F' is also compact valued; see Hildenbrand [25, p. 37].
For each x and i € I(x), Fy,(x) C ¢(x). Since ¢ is convex valued, coFy,(z) C v (z), which implies that
Uier(x)C0Fy, (x) € 1(z). Again by the convexity of 1(z), we have F(z) = co (Ujer(z)coFy, (z)) C ¥ ().

Since coF}, has a closed graph in E,, and X is a compact Hausdorff space, it is upper hemicontinuous in
E,,. We can slightly abuse the notation by assuming that coF}, is empty when z; ¢ E,,. As E,, is a closed
set, the correspondence coFy,; is upper hemicontinuous on the whole space. For each x, I(z) is finite, which
implies that U;cr(5)coF, () is the union of a finite family of upper hemicontinuous correspondences, and
hence is upper hemicontinuous (see Hildenbrand [25, p. 22]). Since F'(z) is the convex hull of U;¢ 7 (5)coF%, ()
and it is compact valued, it is also upper hemicontinuous (see Proposition 6 in Hildenbrand [25, p. 26]). By
Fan—Glicksberg’s fixed-point theorem (see Fan [17] and Glicksberg [20]), there is a point 2* € X such that
x* € F(x*) Cy(z*). O

We provide a simple example to illustrate the above result.

Example 2. Let

1 1.

(o 143): 02 <g3;

Fa) =\ (Fm o) 122>5
[0, 1], T =3.

It is easy to see that the correspondence F' does not have a continuous selection, and is not closed valued.
As a result, the fixed point theorems of Brouwer and Kakutani are not readily applicable. However, F' has
the continuous inclusion property as it includes an upper hemicontinuous sub-correspondence.

Remark 2. Browder [7, Theorem 1] and Yannelis and Prabhakar [48, Theorem 3.3] proved a fixed point
theorem by assuming that Y a Hausdorff linear topological space (not necessarily locally convex) and the
correspondence ¥ has open lower sections. In Wu and Shen [46, Theorem 2|, Y is required to be locally
convex and 1 has the local intersection property. Since the local intersection property implies the continuous
inclusion property, our result covers the theorem of Wu and Shen [46] as a corollary.

The continuous inclusion property requires that the correspondence v has a locally closed sub-
correspondence. As shown in the proof, this implies that the correspondence v contains a globally upper
hemicontinuous sub-correspondence. Such a majorization idea has been adopted in Wu [45] to generalize
the result of Michael [28].

2.4. A generalization of the Gale and Mas-Colell’s fized-point theorem

Below, we will generalize the fixed-point theorem of Gale and Mas-Colell [19] based on our continuous
inclusion property.

Please cite this article in press as: W. He, N.C. Yannelis, Equilibria with discontinuous preferences: New fixed point theorems,
J. Math. Anal. Appl. (2017), http://dx.doi.org/10.1016/j.jmaa.2017.01.089




Doctopic: Miscellaneous YJMAA:21115

6 W. He, N.C. Yannelis / J. Math. Anal. Appl. e e e (e e ee) o0 o—0oe

Theorem 3. Let I be a countable set and for each i € I, X; be a nonempty, compact, convex and metrizable
ier Xi- Foreachi € 1, let ;2 X —
2Xi be a conver valued correspondence, and I(z) = {i € I: ;(x) # 0, x; ¢ ¥;(x)}. Suppose that for every

subset of a Hausdor(f locally convex linear topological space, and X =[]

x € X with I(z) # 0, there is some i € I(x) such that ¥; has the continuous inclusion property at x. Then
there exists a point x* € X such that for each i, either x¥ € ;(x*) or ;(z*) = 0.

We first present two preparatory lemmas.
Lemma 1. Suppose that the conditions in Theorem 3 hold. For each i, let
U, = {z € X: 1); has the continuous inclusion property at }.
If U, = 0 for all i, then the result of Theorem 3 is true.

Proof. Since U; = () for each i, I(x) = @ for all x by the conditions in Theorem 3, which implies that for
each i, either z; € ¥;(z) or ¢;(z) =0. O

Lemma 2. Under conditions of Theorem 3, for each i such that U; # 0, there exists a nonempty, convex
and compact valued, upper hemicontinuous correspondence ¢;: U; — 2Xi such that ¢;(x) C ;(x) for each
xz e U.

Proof. Suppose that U; # ). Since 9; has the continuous inclusion property at each x € U;, there exists
an open subset O! C X such that x € OY and a correspondence F!: Of — 2%i with nonempty values
such that Fi(z) C ;(z) for any 2z € Ol and coF! is closed. Then O% C U;, which implies that U; is open.
Since X is metrizable, U; is paracompact (see for example, Michael [28, p. 831]). Moreover, the collection
¢; = {O%L: z € X} is an open cover of U;. There is a closed locally finite refinement F; = {E}: k € K},
where K is an index set and Ej is a closed set in X (see Michael [27, Lemma 1]).

For each k € K, choose ), € X such that Ej C Of . For each z € U;, let I;j(z) = {k € K: = € E}}.
Then I;(x) is finite for each z € U;. Let ¢;(z) = co (Uyer, (z)coF: (x)) for z € U;. For each = and k € I;(x),
F! (x) C tp;(x). Thus, coF}, (x) C v;(x), which implies that Uger, ()cOFL (x) C (). As a result, we have
¢i(x) = co (Urer,@)coFy, () S (@) _

Since coFy, has a closed graph in E; and X; is a compact Hausdorff space, coF}, is compact valued
and upper hemicontinuous. For each z, I;(x) is finite, which implies that Ugey,(»)coFy, () is the union of
values for a finite family of compact valued and upper hemicontinuous correspondences, and hence is also
compact valued and upper hemicontinuous at the point z. Since each coF;k (z) is convex and compact, and
¢i(w) is the convex hull of the finite union Uyey,(z)coFy, (7), ¢i(x) is also compact, which implies that ¢;(x)
is upper hemicontinuous at the point x € U;. This completes the proof. O

Now we are ready to prove Theorem 3.

Proof of Theorem 3. By Lemma 1, we only need to consider the case that there exists some ¢ such that
Us # 0.

Define a correspondence

¢i(z), =€ Ui
Hi(z) =
X, otherwise.

Then it is obvious that H; is nonempty, convex and compact valued. Since U; is open and ¢; is upper

hemicontinuous by Lemma 2, H; is upper hemicontinuous on the whole space. Let H = [],_; H;. Since H

iel
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is nonempty, convex and compact valued, and upper hemicontinuous, by the Fan—Glicksberg fixed point
theorem (see Fan [17] and Glicksberg [20]), there exists a point * € X such that z* € H(z*).

Let J = {i € I: o] ¢ ¢i(z*)}. Then I(2*) C J. If * € Uj for some j € J, then x} € ¢;(z*) C ;(z*),
which is a contradiction. Thus, we have z* ¢ U, for every j € J, which implies that I(z*) = ). Therefore,
for every j € J, ¢;(x*) = 0. For every i € I\ J, z} € ¢;(x*). The proof is complete. O

Remark 3. In Gale and Mas-Colell [19], X; is finite dimensional and v; is lower hemicontinuous for each .
Then the continuous selection theorem of Michael [28, Theorem 3.177] implies that v; has a continuous
selection ¢; on U;, which can be regarded as a continuous sub-correspondence of ;. Thus, the continuous
inclusion property holds and the result follows.

In addition, our result implies that one can further weaken the lower hemicontinuity condition of Gale
and Mas-Colell [19]. Specifically, at each x € U;, suppose that there exists an open neighborhood O% of x
and a nonempty convex valued, lower hemicontinuous correspondence F!: Of — X; with F'(z) C 9;(z) for
z € O%. Then the continuous inclusion property still holds. However, in this case X; is still required to be
finite dimensional since the continuous selection theorem of Michael [28] is needed.

2.5. Existence of mazimal elements

Suppose that X is a nonempty subset of a linear topological space. Let P(z) = {y € X: (y,x) € &} for
all x € X, where & is some binary relation on X. Then P is a preference correspondence induced by &2
on X. If P(z*) = ) for some z* € X, then z* is said to be a maximal element in X.

Corollary 1. Let X be a compact, convex subset of a Hausdorff locally convex linear topological space and
P: X — 2% be a correspondence such that for all x € X, x ¢ coP(x). If P has the continuous inclusion
property at each x € X such that P(z) # 0, then there exists a point z* € X such that P(z*) = (.

Proof. By way of contradiction, suppose that P(xz) # @ for all # € X. Then the correspondence
¥(x) = coP(x) is convex and nonempty valued. It is clear that ¢ has the continuous inclusion property. By
Theorem 2, there exists a fixed point 2* € X such that z* € ¢(z*) = coP(z*), a contradiction. O

Remark 4. Theorem 5.1 of Yannelis and Prabhakar [48] proved the existence of maximal element when X is
a compact, convex subset of a Hausdorff linear topological space and the correspondence P has open lower
sections. This result generalizes Lemma 4 of Fan [18]. In our Corollary 1, the condition on the correspondence
is more general while X is required to be locally convex.

Below, we shall illustrate the usefulness of the above corollary.

Let A and X be two Hausdorff locally convex linear topological spaces, where A is the set of all price
vectors and X is the set of goods. Let the correspondence B: A — 2% denote the budget set which is assumed
to be nonempty, convex and compact valued. The preference correspondence is denoted by P: X — 2% and
satisfies the condition that z ¢ coP(x) for any x € X. Let ¢(p,x) = B(p) N P(x), and define the demand
correspondence D: A\ — 2% by D(p) = {x € B(p): ¥ (p,x) = 0}.

Corollary 2. If1(p, -) has the continuous inclusion property for eachp € A, then the demand correspondence
D is nonempty valued.

6 The continuity inclusion property captures the case that the preference could be discontinuous. For example, people’s preference
on food could dramatically change if the amount goes to the zero: people will be sick or even die.
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Proof. Fix pg € A. Since = ¢ coP(z) for any = € X, it follows that = ¢ coy)(po, z) for any = € B(pp). Since
Y(po,-): B(py) — 28P0) has the continuous inclusion property, B(po) is nonempty, convex and compact,
by Corollary 1, there exists a point zg € B(pg) such that ¥ (po, xo) = . That is, zy € D(po), which implies
that D is nonempty valued. O

The above corollary generalizes the corresponding theorem in Sonnenschein [42] by relaxing the continuity
assumption.

2.6. The existence of Nash equilibrium

Below, we obtain the existence of a Nash equilibrium in games with (possibly) nontransitive, incom-
plete, discontinuous preferences as a direct corollary of Theorem 3. Notice that the preference need not be
representable by a utility function.

Let I be a set of countable players, and the game is I' = {(X;, P;): i € I}, where X, is the action space
of player i, X = [[,.; Xi, and the preference correspondence of player i is P;: X — 2% If the preference
P; can be represented by a utility function u;: X — R, then

Pi(z) ={y; € Xi: uwi(ys, x—;) > ui(x)}.
Corollary 3. Let I' = {(X;, P;): i € I} be a game such that for each i € I:

i X; is a nonempty, compact, convex, metrizable subset of a Hausdorff locally convex linear topological
space;

ii Let I(x) = {i € I: Pi(xz) # 0}. Suppose that for every x € X with I(x) # 0, there exists an agent
i € I(x) such that P; has the continuous inclusion property at x and x; ¢ coP;(x).

Then T has a Nash equilibrium; that is, there exists some * € X such that for any i € I, P;(x*) = 0.

Proof. Denote 1); = coP; for each i € I. Let I'(x) = {i € I: ¢;(z) # 0,2; ¢ ;(x)}. Then for every z € X
with I'(x) # 0, I(z) # 0. By condition (ii), there exists an agent ¢ € I’(x) such that ; has the continuous
inclusion property at x.

By Theorem 3, there exists a point * € X such that for each i, either z¥ € v;(x*) or 1;(z*) = . Then
I(z*)={i € I: zf € ¢;(z*)}. If I(z*) # O, then by condition (ii), there is an agent ¢ € I(z*) such that P;
has the continuous inclusion property at «* and x; ¢ ¥;(z*), which is a contradiction. As a result, I(z*) = 0.
That is, ¥;(z*) = 0 for each ¢ € I, which implies that z* is a Nash equilibrium in the game I'. O

The following result is an immediate corollary of Corollary 3. The continuous inclusion property is directly
assumed for each player.

Corollary 4. Let I' = {(X;, P;): i € I} be a game such that for each i € I:

i X; is a nonempty, compact, convex, metrizable subset of a Hausdorff locally convex linear topological
space;
ii P; has the continuous inclusion property at each v € X = X;e1 X; with Py(z) # 0;
iii z; ¢ coP;(z) for allz € X.

Then T has a Nash equilibrium; that is, 3x* € X such that for any i € I, Pi(z*) = 0.
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Remark 5. Suppose that for each i € I, the utility function w,; satisfies the generalized payoff security
condition of Carmona [11], and define the value function g;: X _; — R by g;(v_;) = sup,, cx, ui(zi, v ;).
Fix € > 0. For each ¢ € I, consider the correspondence

Mf(x_;) ={x; € Xi: ui(xg, x—;) > gi(x—;) — €}

Then it is easy to see that M has the continuous inclusion property. Following the argument in
Prokopovych [31], one can impose standard conditions (e.g., quasiconcavity and transfer reciprocal upper
semicontinuity) to prove the existence of approximate and exact Nash equilibrium.

Remark 6. Reny [34] proved the existence of a pure strategy Nash equilibrium in games with discontinuous
payoffs based on some payoff security type condition. Our Corollaries 3 and 4 extend his results to non-
ordered preferences, but do not imply his and vice versa. However, to verify the conditions of theorems in
the above paper, one has to work with the non-equilibrium point, and check for all players at every point in
a neighborhood of this non-equilibrium point. To the contrary, we can check the preference correspondence
for each agent separately, as shown in Corollary 4.7

3. A generalization of the Gale-Debreu—Nikaido lemma

In this section, using the fixed point theorem (Theorem 2), we provide a generalization of the Gale—
Debreu—Nikaido lemma to an infinite-dimensional commodity space with discontinuous excess demand
correspondences.

Let X be a Hausdorfl locally convex linear topological space, and E a closed, convex cone of X having
an interior point e. Denote E* = {p € X*: p-x <0 for all x € E} # {0}; that is, E* is the dual cone of E.
Let A={p€ E*:p-e=—1}and Z: A — 2% be an excess demand correspondence. Given p € A, let
Y(p)={r € X:p-2 <0} and I'(p) = Y(p) N Z(p).

Theorem 4. If T" is nonempty and convex valued, and satisfies the continuous inclusion property, where X*
is endowed with the weak* topology, then Ip* € A such that Z(p*) N E # (.

Proof. Define a correspondence II from E to A as follows: for each x € F,

H(z) = argmax,c A (p - T).

By Alaoglu’s Theorem, A is weak* compact. By Berge’s maximum theorem (see Berge [3]), I is nonempty,
convex and weak* compact valued, and upper hemicontinuous.

Define the correspondence ¥ from E x A to E x A as ¥(z,p) = T'(p) x II(z) for each (z,p) € Ex A. Tt
is obvious that ¥ is nonempty and convex valued. For each pg € A, since I" is convex valued and has the
continuous inclusion property, there exists a weak® open neighborhood O, of pg, and a nonempty, convex
valued and weak* upper hemicontinuous correspondence Fj,: O,, — 2F such that F,,(q) C I'(q) for any
q € Op,. Let ®(x,p) = Fp, (p) x (z) for (z,p) € E x Op,. Then & is a sub-correspondence of ¥ on E X Op,,
which is nonempty, convex-valued and upper hemicontinuous. Therefore, ¥ has the continuous inclusion
property.

By Theorem 2, there exists (z*,p*) € E x A such that (z*,p*) € U(z*, p*). That is,

1. p*-a* > p-a* for any p € A
2. z* € Z(p*) and p* - z* < 0.

7 For further results, see Reny [37] and Carmona and Podczeck [13]. See also Section 3.2 of He and Yannelis [22] for a discussion
on the relationship of these papers.
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Combining (1) and (2), we have p - z* < p* - 2* < 0 for any p € A, which implies that z* € E. Therefore,
Z(p*)N E # ( for some p* € A. O

Below, we provide an alternative proof using Corollary 1.

Alternative Proof. Since I' has the continuous inclusion property, for each p € A, there exists an open
neighborhood O, and a nonempty correspondence G,: O, — 2% such that G,(q) C I'(q) for any ¢ € O,
and coGy, has a closed graph. As in the proof of Theorem 2, one can find a nonempty, convex and compact
valued, weak* upper hemicontinuous correspondence G: A — 2% which is a sub-correspondence of I'. Define
the correspondence F': A — 22 by F(p) = {q € A: q-2 >0 for all x € G(p)}. Fix ¢ € A. As in the proof
of Yannelis [47, Theorem 3.1], one can easily show that W = F!(q), where W = {p € A: G(p) C V,} and
Vy={x € X:q-z > 0}. The set W is weak* open since G is weak* upper hemicontinuous. Consequently,
F has weak* open lower sections, and hence has the continuous inclusion property (recall Remark 1).% In
addition, by the definition of F'| p ¢ F(p) for every p € A. Since A is nonempty, convex and weak™ compact,
by Corollary 1, there exists a point p* € A such that F(p*) = 0; that is,

for any ¢ € A,3x € G(p*),q -z < 0. (1)

We will show that (1) implies Z(p*) N E # @ for some p* € A. Suppose otherwise, then there exists a
continuous linear functional which strictly separates the convex compact set G(p*) C Z(p*) from the closed
convex set F; that is,

there exists r € X™,r # 0 such that inf r-2>supr-a>0. (2)
zeG(p*) z€E

Without loss of generality, we can take 7 to be in A.? It follows from (2) that r - x > 0 for any x € G(p*),
a contradiction to (1).
Therefore, Z(p*) N E # 0 for some p* € A. O

3.1. An example

Below, we provide an example which indicates how Theorem 4 can be used to prove the existence of an
equilibrium. Notice that the preferences of both agents below are neither upper hemicontinuous nor lower
hemicontinuous. An equilibrium exists by virtue of our Theorem 4.

Example 3. Consider the following 2-agent 2-good economy:

1. The set of available allocations for both agents are X; = X2 = [0, 1] x [0,1], X = X; x X».
2. The initial endowments are given by e; = (3, 3) and ez = (3, 3).
3. For agent 1 and an allocation z1 = (z1,2%) and x5 = (23,23), agent 1’s preference only depends on his
own allocation:
a if 2} > 22, then Py(21,20) = {(y,2): 2>y >0,y + 2 > 1};
b if 2} < 2%, then Pi(z1,22) = {(y,2): y > 2> 0,y +2 > 1};
c if 21 = 22, then Py(z1,22) = {(y,v): y > =1}
The preference of agent 2 is defined similarly.

Note that P; is neither upper hemicontinuous nor lower hemicontinuous, i = 1, 2.

8 The continuous inclusion property of F holds on the subset A of X*, which is endowed with the weak™ topology.
9 If r ¢ A, then the fact e is an interior point of E implies that r - e < 0, and we can replace r by

T
—re’
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For any price p = (p1,1 — p1), the budget set of agent 1 is

Bilp) = {(ehad) € Xu: o ad o+ (1= p1) -t < 50+ m)),
and the budget set of agent 2 is

Balp) = {(eha3) € Xa: pr -+ (1 —pr) B < 52— pu)}
The demand correspondence for agent i is defined as

Di(p) = {= € Bi(p): Pi(x) N Bi(p) = 0}.

It is easy to see that D; is nonempty and convex valued. In addition, given any price p, x1 = (H%, H%) €
Di(p) and a5 = (3521, 2224) € Dy(p).
One can define functions #; and 1y such that ¢;(p) = (H'%, H‘%) and a(p) = (2_%, 2_%) Since

¥;(p) € D;(p) for every p, D; has the continuous inclusion property for any i. Then D; + D5 also satisfies

the continuous inclusion property, Theorem 4 can be used to show the existence of an equilibrium. Indeed,

(z1,2%) = (23,23) = (3, 3) and (p1,p2) = (3, 3) is an equilibrium.

3.2. Remarks
We show that Theorem 4 implies the standard Gale-Debreu-Nikaido lemma, see Debreu [15].

Corollary 5. Let X = R! and Z: A — 2% be an excess demand correspondence satisfying the following
conditions:

1. Z is nonempty, convex and compact valued, and upper hemicontinuous;
2. for every p € A, 3z € Z(p) such that p-z < 0.

Then, 3p* € A such that Z(p*) NRL # ().
Proof. Given p € A, let Y(p) = {z € R': p- 2 <0} and X(p) = Y(p) N Z(p). Due to (2), X is nonempty.
Since both Y and Z are convex valued and upper hemicontinuous, X is also convex valued and upper

hemicontinuous. Thus, X has the continuous inclusion property. Then the result follows from Theorem 4. O

Remark 7. Yannelis [47] proved the market equilibrium theorem of Gale-Debreu—Nikaido for an infinite
dimensional commodity space by assuming that the excess demand correspondence is upper demicontinuous.
In our theorem, the excess demand correspondence may not be continuous, hence not upper demicontinuous.

Suppose that X is an AM-space with the unit e, X is the positive cone of X, and A = {p € X} : p-e = 1}.
Aliprantis and Brown [1] worked with an excess demand function Z: A — X instead of an excess demand
correspondence, and proved the following result.

Corollary 6 (Aliprantis and Brown [1]). Suppose that

1. there exists a consistent locally convex topology on X such that Z is weak™ continuous;
2. Z satisfies the Walras law, i.e., p- Z(p) =0 for all p € A.

Then there exists a point p € A such that Z(p) < 0.
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It is obvious that this result is covered by our Theorem 4, since I'(p) = Z(p) in their setting. As a
consequence, ' is a weak™ continuous function and the continuous inclusion property automatically holds.

References

[1] C.D. Aliprantis, D.J. Brown, Equilibria in markets with a Riesz space of commodities, J. Math. Econom. 11 (1983) 189-207.
[2] A. Bagh, A. Jofre, Reciprocal upper semicontinuity and better reply secure games: a comment, Econometrica 74 (2006)
1715-1721.
[3] C. Berge, Topological Spaces, Oliver and Boyd, Edinburgh/London, 1963.
[4] P. Bich, On the existence of approximated equilibria in discontinuous economies, J. Math. Econom. 41 (2005) 463-481.
[5] P. Bich, Existence of pure Nash equilibria in discontinuous and non quasiconcave games, Internat. J. Game Theory 38
(2009) 395-410.
[6] P. Bich, R. Laraki, A unified approach to equilibrium existence in discontinuous strategic games, unpublished results,
2012; available at https://halshs.archives-ouvertes.fr/halshs-00717135/document.
[7] F. Browder, The fixed point theory of multi-valued mappings in topological vector spaces, Math. Ann. 177 (1968) 283-301.
[8] O. Carbonell-Nicolau, On the existence of pure-strategy perfect equilibrium in discontinuous games, Games Econom.
Behav. 71 (2011) 23-48.
[9] O. Carbonell-Nicolau, R.P. McLean, On the existence of Nash equilibrium in Bayesian games, unpublished results, 2015;
available at http://www.sas.rutgers.edu/virtual/snde/wp/2015-13.pdf.
[10] G. Carmona, Polytopes and the existence of approximate equilibria in discontinuous games, Games Econom. Behav. 68
(2010) 381-388.
[11] G. Carmona, Understanding some recent existence results for discontinuous games, Econom. Theory 48 (2011) 31-45.
[12] G. Carmona, Reducible equilibrium properties: comments on recent existence results, Econom. Theory 61 (2016) 431-455.
[13] G. Carmona, K. Podczeck, Existence of Nash equilibrium in ordinal games with discontinuous preferences, Econom. Theory
61 (2016) 457-478.
[14] P. Dasgupta, E. Maskin, The existence of equilibrium in discontinuous economic games. Part I: theory, Rev. Econ. Stud.
53 (1986) 1-26.
[15] G. Debreu, Market equilibrium, Proc. Natl. Acad. Sci. USA 42 (1956) 876-878.
[16] L.I. de Castro, Equilibrium existence and approximation of regular discontinuous games, Econom. Theory 48 (2011) 67-85.
[17] K. Fan, Fixed-point and minimax theorems in locally convex topological linear spaces, Proc. Natl. Acad. Sci. USA 38
(1952) 131-136.
[18] K. Fan, A generalization of Tychonoff’s fixed point theorem, Math. Ann. 142 (1962) 305-310.
[19] D. Gale, A. Mas-Colell, An equilibrium existence theorem for a general model without ordered preferences, J. Math.
Econom. 2 (1975) 9-15.
[20] I.L. Glicksberg, A further generalization of the Kakutani fixed point theorem with application to Nash equilibrium, Proc.
Amer. Math. Soc. 3 (1952) 170-174.
[21] W. He, N.C. Yannelis, Discontinuous games with asymmetric information: an extension of Reny’s existence theorem,
Games Econom. Behav. 91 (2015) 26-35.
[22] W. He, N.C. Yannelis, Existence of Walrasian equilibria with discontinuous, non-ordered, interdependent and price-
dependent preferences, Econom. Theory 61 (2016) 497-513.
[23] W. He, N.C. Yannelis, Existence of equilibria in discontinuous Bayesian games, J. Econom. Theory 162 (2016) 181-194.
[24] W. He, N.C. Yannelis, A remark on discontinuous games with asymmetric information and ambiguity, Econ. Theory Bull.
(2017), http://dx.doi.org/10.1007/s40505-016-0100-5, in press.
[25] W. Hildenbrand, Core and Equilibria of a Large Economy, Princeton University Press, Princeton, NJ, 1974.
[26] B. Lebrun, Existence of an equilibrium in first price auctions, Econom. Theory 7 (1996) 421-443.
[27] E. Michael, A note on paracompact spaces, Proc. Amer. Math. Soc. 4 (1953) 831-838.
[28] E. Michael, Continuous selections I, Ann. of Math. 63 (1956) 361-382.
[29] P.K. Monteiro, F.H. Page Jr., Uniform payoff security and Nash equilibrium in compact games, J. Econom. Theory 134
(2007) 566-575.

[30] R. Nessah, G. Tian, On the existence of Nash equilibrium in discontinuous games, Econom. Theory 61 (2016) 515-540.

[31] P. Prokopovych, On equilibrium existence in payoff secure games, Econom. Theory 48 (2011) 5-16.

[32] P. Prokopovych, The single deviation property in games with discontinuous payoffs, Econom. Theory 53 (2013) 383-402.

[33] P. Prokopovych, Majorized correspondences and equilibrium existence in discontinuous games, Econom. Theory 61 (2016)
541-552.

[34] P.J. Reny, On the existence of pure and mixed strategy Nash equilibria in discontinuous games, Econometrica 67 (1999)
1029-1056.

5] P.J. Reny, Strategic approximations of discontinuous games, Econom. Theory 48 (2011) 17-29.

6] P.J. Reny, Introduction to the symposium on discontinuous games, Econom. Theory 61 (2016) 423-429.

7] P.J. Reny, Nash equilibrium in discontinuous games, Econom. Theory 61 (2016) 553-569.

8] P.J. Reny, Equilibrium in discontinuous games without complete or transitive preferences, Econ. Theory Bull. 4 (2016)
1-4.

[39] V. Scalzo, Existence of minmax points in discontinuous strategic games, J. Math. Anal. Appl. 374 (2011) 331-333.

[40] V. Scalzo, On the existence of maximal elements, fixed points and equilibria of generalized games in a fuzzy environment,

Fuzzy Sets and Systems 272 (2015) 126-133.
[41] V. Scalzo, Remarks on the existence and stability of some relaxed Nash equilibrium in strategic form games, Econom.
Theory 61 (2016) 571-586.

Please cite this article in press as: W. He, N.C. Yannelis, Equilibria with discontinuous preferences: New fixed point theorems,
J. Math. Anal. Appl. (2017), http://dx.doi.org/10.1016/j.jmaa.2017.01.089



http://refhub.elsevier.com/S0022-247X(17)30122-1/bib414231393833s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib424A32303036s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib424A32303036s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib426572676531393633s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4269636832303035s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4269636832303039s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4269636832303039s1
https://halshs.archives-ouvertes.fr/halshs-00717135/document
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib42726F7764657231393638s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib436172626F6E656C6C32303131s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib436172626F6E656C6C32303131s1
http://www.sas.rutgers.edu/virtual/snde/wp/2015-13.pdf
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4361726D6F6E6132303130s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4361726D6F6E6132303130s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4361726D6F6E6132303131s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4361726D6F6E6132303134s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib435032303135s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib435032303135s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib444D31393836s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib444D31393836s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib44656272657531393536s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib63617374726F32303131s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib46616E31393532s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib46616E31393532s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib46616E31393632s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib474D31393735s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib474D31393735s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib476C69636B736265726731393532s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib476C69636B736265726731393532s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib485932303134s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib485932303134s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib485932303133s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib485932303133s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib485932303136s1
http://dx.doi.org/10.1007/s40505-016-0100-5
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib486431393734s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4C656272756E31393936s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4D69636861656C31393533s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4D69636861656C31393536s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4D4F32303037s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4D4F32303037s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib4E5432303135s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib50726F6B6F706F7679636832303131s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib50726F6B6F706F7679636832303133s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib50726F6B6F706F7679636832303135s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib50726F6B6F706F7679636832303135s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib52656E7931393939s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib52656E7931393939s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib52656E793230313162s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib52656E7932303136s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib52656E7932303133s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib52656E793230313663s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib52656E793230313663s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib5363616C7A6F32303131s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib5363616C7A6F32303135s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib5363616C7A6F32303135s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib5363616C7A6F3230313562s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib5363616C7A6F3230313562s1

ARTICLE IN PRESS

W. He, N.C. Yannelis / J. Math. Anal. Appl. e e e (e e ee) e e 0o—00e 13

[42] H. Sonnenschein, Demand theory without transitive preferences, with applications to the theory of competitive equilibrium,
in: Studies in the Mathematical Foundations of Utility and Demand, Harcourt Brace Jovanovich, New York, 1971.

[43] G. Tian, On the existence of price equilibrium in economies with excess demand functions, Econ. Theory Bull. 4 (2016)
5-16.

[44] M. Uyanik, On the nonemptiness of the a-core of discontinuous games: transferable and nontransferable utilities,
J. Econom. Theory 158 (2015) 213-231.

[45] X. Wu, A new fixed point theorem and its applications, Proc. Amer. Math. Soc. 125 (1997) 1779-1783.

[46] X. Wu, S. Shen, A further generalization of Yannelis—Prabhakar’s continuous selection theorem and its applications,
J. Math. Anal. Appl. 197 (1996) 61-74.

[47] N.C. Yannelis, On a market equilibrium theorem with an infinite number of commodities, J. Math. Anal. Appl. 108 (1985)
595-599.

[48] N.C. Yannelis, N.D. Prabhakar, Existence of maximal elements and equilibria in linear topological spaces, J. Math.
Econom. 12 (1983) 233-245.


http://refhub.elsevier.com/S0022-247X(17)30122-1/bib536F6E6E656E73636865696E31393731s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib536F6E6E656E73636865696E31393731s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib5469616E32303136s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib5469616E32303136s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib5579616E696B32303135s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib5579616E696B32303135s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib577531393937s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib575331393936s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib575331393936s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib59616E6E656C697331393835s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib59616E6E656C697331393835s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib595031393833s1
http://refhub.elsevier.com/S0022-247X(17)30122-1/bib595031393833s1

	Equilibria with discontinuous preferences: New ﬁxed point theorems
	1 Introduction
	2 Results
	2.1 Deﬁnitions
	2.2 Operations on correspondences
	2.3 A ﬁxed-point theorem
	2.4 A generalization of the Gale and Mas-Colell's ﬁxed-point theorem
	2.5 Existence of maximal elements
	2.6 The existence of Nash equilibrium

	3 A generalization of the Gale-Debreu-Nikaido lemma
	3.1 An example
	3.2 Remarks

	References


